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We consider behavior of equatorial geodesics with the negative energy in the er-
goregion of a generic rotating ”dirty” (surrounded by matter) black hole. It is shown
that under very simple and generic conditions on the metric coefficients, there are
no such circular orbits. This entails that such geodesic must originate and terminate
under the event horizon. These results generalize the observation made for the Kerr
metric in A. A. Grib, Yu. V. Pavlov, and V. D. Vertogradov, Mod. Phys. Lett. 29,
1450110 (2014) [arXiv:1304.7360].
PACS numbers: 04.70.Bw, 97.60.Lf
I. INTRODUCTION
One of remarkable properties of rotating black holes consists in the possibility of negative
energies (measured with respect to infinity) inside their ergosphere. This is the region where
the metric coefficient g00 > 0 (in the signature -, +, +, +). The properties of such trajectories
are of interest both from the theoretical and astrophysical viewpoints. The Penrose effect
[1] that leads to extraction of energy from a black hole is intimately connected with such
orbits. Therefore, it is important to know the behavior of these trajectories in the vicinity
of black hole. Recently, an interesting observation was made in [2]. It turned out that in the
Kerr metric, there are no circular orbits of this kind. Therefore, all orbits with the negative
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2energy originate and terminate under the horizon.
Meanwhile, in real astrophysical conditions black holes are surrounded by matter, so they
are ”dirty” in this sense. The goal of the present paper is to formulate the conditions under
which the aforementioned properties of the geodesics under discussion are valid for a dirty
rotating black hole.
Throughout the paper we use units in which fundamental constants are G = c = 1.
II. BASIC EQUATIONS
Let us consider the stationary axially symmetric metric of the form
ds2 = −N2dt2 +R2(dφ− ωdt)2 + dr
2
A
+ gθdθ
2, (1)
where all coefficients do not depend on t and φ. Let us consider equations of motion for test
geodesic particles. In the Kerr metric, the variables in equations of motion can be separated
[3] and this simplifies analysis greatly. In a general case, this is not so, and we restrict
ourselves by motion in the equatorial plane θ = pi
2
only. Then,
mt˙ =
X
N2
, (2)
mφ˙ =
L
R2
+
ωX
N2
, (3)
where dot denotes derivative with respect to the proper time. Here, m is the mass,
X = E − ωL, (4)
E = −mu0 is the energy, L = muφ being the angular momentum, uµ is the four-velocity. The
quantities E and L are conserved due to independence of the metric of t and φ, respectively.
From the normalization condition uµu
µ = −1, it follows that
mr˙ = ±
√
A
N
Z, (5)
Z2 = X2 −N2(m2 + L
2
R2
). (6)
It can be rewritten as
m2r˙2 + Veff = 0, Veff = −
A
N2
Z2. (7)
3By redefining a radial coordinate, one can always achieve that A = N2 for motion in the
equatorial plane. We assume that this equality is satisfied.
The circular orbits r = r0 = const are characterized by two equalities
Z2 = 0, (8)
(Z2)′ = 0, (9)
prime denotes derivative with respect to r.
The forward in time condition t˙ > 0 entails
X ≥ 0, (10)
where the equality sign is possible on the horizon N = 0 only. We assume that ω > 0
everywhere outside the horizon. We are interested in the case E < 0, so it follows from (4)
and (10) that
L < 0. (11)
Further, we assume that (like, say, for the Kerr metric),
ω′ < 0, (12)
N ′ ≥ 0, (13)
R′ ≥ 0. (14)
Theorem 1 If inside the ergoregion
(ωR)′ < 0, (15)
the circular orbits with the negative energy do not exist.
Now, we will prove this statement. It follows from (6) that
1
2
(Z2)′ = −Xω′L−NN ′m2 − L
2
2
(
N2
R2
)′ (16)
Let us suppose that the orbit is a circular one. Then, for such an orbit, (6), (8) entail
X = N
√
m2 +
L2
R2
. (17)
4After substitution into (16), we obtain
1
2
(Z2)′ = −Nω′L
√
m2 +
L2
R2
−NN ′m2 − L
2
2
(
N2
R2
)′. (18)
It follows from (11) and (12) that ω′L > 0.Therefore,
1
2
(Z2)′ ≤ L2[Nω′ 1
R
− 1
2
(
N2
R2
)′] = L2
N
R
χ′, (19)
where
χ = ω − N
R
. (20)
It follows from (13) that
χ′ < ω′ +
R′N
R2
. (21)
It is seen from (1) that
g00 = −N2 +R2ω2. (22)
In the ergoregion, g00 > 0, so
N < ωR. (23)
Taking into account (14), we have
χ′ < ω′ + ω
R′
R
=
(ωR)′
R
. (24)
According to assumption (15), we have (Z2)′ < 0 whereas circular orbits require (9, so
they are impossible. Thus the statement is proven.
We can somewhat modify and simplify condition (15) replacing it directly with
χ′ < 0. (25)
As χ > 0 near the horizon and χ = 0 on the boundary of the ergoregion, (25) is equivalent
to the condition that inside the ergosphere the function χ is monotonically decreasing.
III. EXAMPLE: KERR-NEWMAN METRIC
In this section, we consider the Kerr-Newman metric and show that the criteria (12) -
(15) are satisfied. Taking the expression for the metric from any textbook, one can find that
for θ = pi
2
,
R2 = r2 + a2 +
(2Mr −Q2)a2
r2
, (26)
5N2 =
r2 − 2Mr +Q2 + a2
R2
, (27)
ω =
a(2Mr −Q2)
R2r2
≡ aP
R2
, P =
2M
r
− Q
2
r2
. (28)
Here, r is a Boyer-Lindquiste coordinate, M is the black hole mass, a = J
M
, J being its
angular momentum, Q electric charge.
The event horizon lies at
r = r+ =M +
√
M2 −Q2 − a2, M2 ≥ a2 +Q2. (29)
Then,
(R2)′ =
2
r3
[r(r3 − a2M) + a2Q2]. (30)
As
r > M (31)
outside the horizon, both terms in (30) are positive, eq. (14) is satisfied.
It is easy to check that outside the horizon,
P > 0, P ′ < 0 (32)
Then, it follows from (28) and (14) that conditions (12) and (15) are satisfied.
One can also obtain that
(N2)′ =
2r(S1 + S2)
(Ar2 +Ba2)2
, A = r2 + a2, B = 2Mr −Q2. (33)
S1 = Ar(Mr
2 − rQ2 −Ma2), S2 = Ba2(r2 − 2Mr + a2 +Q2). (34)
It is obvious that S2 > 0 outside the horizon. We can write
Mr2−rQ2−Ma2 = r(Mr−Q2)−Ma2 ≥ r(M2−Q2)−Ma2 ≥M(M2−Q2−a2) ≥ 0. (35)
Therefore, S1 > 0 as well, so condition (13) is satisfied.
Thus we checked all eqs. (12) - (15) for the Kerr-Newman metric. For Q = 0 we return
to the Kerr metric, the results are in agreement with [2].
6IV. CONCLUSION
Conditions (12) - (14) are very simple and reasonable. They mean that the properties
of the metric coefficients from the horizon to infinity change monotonically. The rotation
parameter ω coincides with the angular velocity of a black hole on the horizon and tends
to zero far from a black hole. The lapse function N = 0 on the horizon and N → 1 at
infinity for asymptotically flat space-times. The coefficient R2 determines the surface area
of cross-sections t = const, r = const, θ = const and increases from the horizon to infinity
(absence of wormholes), if (14) is satisfied. Thus there is nothing specific in conditions under
discussion. Eq. (15) is slightly more special but it means only that ω should decrease more
rapidly than 1/R.
Therefore, one can conclude that the properties of geodesics found in [2] for the Kerr
metric, are quite generic. Thus the orbits with negative energies cannot originate and
terminate in the ergoregion outside the horizon. Correspondingly, this can happen under
the event horizon only.
Consideration in the present paper applies to equatorial geodesics only. It would be
interesting to elucidate, whether this general approach can be generalized to nonequatorial
motion.
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